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e t*, x)=¢ by, T 2,11
oo, 1R iy (t*, @) (Bxr %) ( )

that t* > £ and »* (f) = 2 almost everywhere onfz,, t*], 2° (t*)= G (1%, ty, x4, v*(-))
But in this case a° (£*) > — x4 (%), co{t*, 2°(2*)) < ¢y (fx, #4) and (see (2. 11)) we have
gD (1., 2,) < ¢p (4, 74) which contradicts the assumption, Thus (see (2. 9)) we have
proven that
Epy ={{t, @ (6 9) € Ay, |2 200y (1— o}
Taking into account (2. 6) and (2.7) as well as Lemmas 2 and 3, we can show that the
following theorem holds.
Theorem. Sets Eg, k& Ny and E_ are defined by the conditions
Ex={(t, @) (t, ) & Ay, 2] 2> ap (1— 1)}
E,=8={t, z): (t, ) = [0, 1) X R }z| < 1— 1}

The author thanks N, N, Krasovskii for constant attention and valuable advice.
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The theorem on existence of the Liapunov functionals and the theorem on sta-
bility in first approximation for a stochastic differential equation with afteref-
fect are proved,

The suggestion of the replacement of Liapunov functions by functionals [1]
in the investigation of the stability of ordinary differential equations with lag,
has been widely utilized in dealing with determinate systems, as well as in the
case of linear and nonlinear stochastic systems (see,e.g. [2— 11]). Resuits
concerning the stability in the first approximation were obtained for stochastic
systemns in [12 — 18] and others, Use of Liapunov functionals for the differential
equations with aftereffect was first encountered in [1, 19, 20] where the inver-
sion theorems were proved and conditions for the stability in first approximation
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were obtained,

Below a stochastic differential equation with aftereffect is investigated where
the random perturbations represent an arbitrary process with independent incre-
ments,

Let {Q, o, P} be the basic stochastic space and {f;, £ > 0} a monotonously nonde-
creasing family of o-algebras f; C o ; let also 9, be a family of operators defined
by the relation 6,k(s) = & (¢ 4 s), where s< 0, t> 0 and § (s) is an n-dimensional
random process defined on (—oo, oo}, f; =measurable when ¢>> 0 and fo ~measurable
when ¢ < 0; let also w (1) = (wy(#), . . ., wy () be an N-dimensional Wiener process,
v° (t, 4) a centered Poisson's measure with the parameter I (4), the process w (¢) and
the measure v°(t, A) independent of each other and f, ~-measurable when ¢ > 0.

Let us consider the following stochastic differential equation:

N
G5 () = a(t, E) dt+ D) by (t, 08)dur () Yo (us 1, 0E) v (dt dw) g
r=1 908 = 0

in which a (¢, @), br (¢, @) and ¢ (u; ¢, @) are vector functionals with values in R™ de-
fined for > 0, u € R™ and ¢ C H,, H, is the set of functions ¢ (s) (s < 0) with va-
lues in R™, which have left bounds with probability one, are continuous to the right when
s <C 0 and to the left when s = 0, and such that
sup, M| (s)P< o0, a(t, 0)=0,(t O)=c(u; ¢, 0)=0 (2)
o

lat ) p<{ Vo (—Pare, v
0

15,5 )<\ | @ (—7) 2dry, (8, %)

ct/bs

lei t, P<{ 1o (1) PdrnE 1 1)
0

N
rt D= N (1), rat T = Sr2 (u; ¢, ©) T (du)
r=1
[+ <]
supt%g dri(t, T)<oo (i=0,1,2)
0
(d is the sign of differentiation in the last argument),

Equations of this type were studied in a number of papers (e. g. [21, 22]) and the con-
ditions of existence and uniqueness of their solutions obtained, We shall therefore assume
these conditions tohold, The nonnegative functional V(z, @) on [0, o) X H, is such that
V (¢, 0) =0 and lim, , MV (1,6,§) = 0, provided that we call lim; , M|E(®)|IP =0
(p > 0) the Fp-functional,

We also call the function r (s, ) (s > 0, T > 0) a nondecreasing function in T uni-
formly integrable if o i

sup S dr(s+7, v)ds < oo
0 t—7
and if for any ¢ > 0 we can find T' such that
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oo 1
supg S dr(s+ 1, 1)ds <&
T t—=
Here and in what follows, the operation sup is taken over ail ¢ > 0.
Note, Using the Ito formula [22] and conditions (2) we can show that the function
M |E (1 |* satisfies the Lipschitz condition, Since a function integrable on [0, o0) and
satisfying the Lipschitz condition tends to zero at infinity, therefore from the condition

(migmpa <o @)
9
it follows that lim, , M[E ()]* = O.

Theorem 1, Let the conditions (2) and (3) hold and the functions r;. (¢, T) (=0,
1, 2) be uniformly integrable, Then an F,-functional Vv (¢, ) exists such that

MV (s, 0,5) > kM|E ()]
¢

MV (t, 8£) — MV (0, 90) < — kzg M|E(s) |2 ds
0

Proof., The conditions of Theorem 1 are satisfied by the functional

oo oo t 2
ve, 0B =le@e+r{iee+aras+§ | |a<s)|2(i2 dri(s+f,f)) ds
0 0 t—7 =0
r>2Vrodritr

r= supS dri(t4+7,1) (i=0,1,2)
0
since we can apply to it the Ito integro-differential operator L [22], and

LV (t, 085 < — (r—2Vre—r—r)|E(®)]®

The relation (3) and uniform integrability of the functions r; (¢, T) (i = 0, 1, 2) imply
that it is also an F, -functional,
Theorem 2, Let a positive definite (i.e. V (f, @) > k¢ (0) ]2, £ >0, & > 0)
Fy -functional V (¢, @) exist such that
MV (01 (Po) < oo
t
MV (08 /1) — V(s 8,5 < —k\M{E@[/1)dv k>0,t>3>0
s
where E (s) is a solution and ¢, is the initial condition of Eq, (1). Then
P {lim, , E()=0}=1 (4)
Proof, Evidently v (¢, 0,F) is a nonnegative supermartingale, consequently, limy (¢,
0; &) exists with probability one [16] and Mlim V (¢, 6,8) = lim MV (¢, 0,) (¢ — o).
The function M}E (#)|? is integrable on [0, oo) and (see note) satisfies the Lipschitz
condition, therefore limM|Z () |2 = 0, Since V (¢, @) is an F,-functional, we alsohave
lim MV (¢, 6;8) = 0. From all this it follows that P{limV (¢, 6;f) = 0} = 1. The rela~
tion (4) now follows from the positive definiteness of V (t, @) .
Corollary, Let the conditions of Theorem 1 hold. Then the solution of (1) satisfies
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the condition (4).

To prove it we observe that the conditions of Theorem 1 ensure the existence of a
functional satisfying the conditions of Theorem 2, We shall show that the solution of (1)
satisfies the condition (4) even in the case when the conditions of Theorem 1 hold not
for (1), but for its first order approximation, i.e. for a linear equation with the coeffici-
ents sufficiently close to the coefficients of (1),

Let us consider the equation

o0 N oo
dE(t) = S dJA( VE(—T)dt+ D) S dB,(t, ¥)E(t — ) dw, (t) + )
r=l,
. 0
SS dC (u; t, T) & (t — T) v° (dt, du)
o

the coefficients of which satisfy the conditions (|- is the operator norm of the matrix)

oo N 2
supg 1dA(t, 7)< oo, suUp r§1 (S [dB;(t, ) ll) <00 15)
J =

0

% 2
sup S (S 14C (u; ¢, 7) u) 11 (du) < 00
0

In addition, the functions p; (¢, 7) (i = 0, 1, 2), where

dp(t, T) =|dA (2, 1:)||S a4, s)|
0
dp, (1, ©) = [ dB,(t, w)ug 1dB, (¢, 9]
0

dpy (u; t, ©) =] dC (u; ¢, T)HS 1dC (u; 1, 9)]
0

N
apt T = D dpyy (1 7), dpatt, = {dpa(ai t, T @)
r=1
are uniformly integrable,
Let the condition (3) hold for Eq. (5). Then the functional

Vot 08) =1E O P +p{ 1£¢+ ) pas +
0

0

t
S [E(s) P (ﬁ dp; (s + 7, r)) ds

t—z 1=0

pP>2V o+ pritp

ri=swp{ dpt+m.1)<00 (1=0,1,2)
0
is an Fp,-functional and LoVy (2, 0,8) < — k| & (1) 2 (k > 0), where L, is the Ito ope-
rator corresponding to Eq. (5).
Let the coefficients of (1) and (5) be connected by the following conditions:
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let, @) —§ a4t e —v1<v{ 10— 1an )
0

Oe./:g

w)—SdB 991 |<T w(—mdql,(t 9

oo o

e t,9) = a0 D9 (— 1| <¥{ 1o (=D ldg i,
0 (1]

N
dgs (6 )= 3 day, (7). das(t, ) = dgy (u; 1, ) 11 (3w)

r=1
[~} (=] [
g =sup S dgo(t, ), ¢y, =sup S 49y, (8, %), q(u) = supS dqa(u; t, 7)
0 0 0
and the functions g¢; (¢, ©) (i = 0, 1, 2) be uniformly integrable, Consider the functional

o i
Vit 88) =Vo(t, S‘E)+vS S |E(s) [Bdm (s + 7, T) ds

0 t—=

1
dm (8, 7) = dgo (¢, T) + 5 (day (¢, T)+das (¢, )+ qu,(drlr(t. ©)+dpy (t, D)+

r=1

§ a0 00 @ra s 1, %)+ dpy us 1, ) 11 2w

(-]
mo=supS dm(t+7, 1)
0

and estimate the expression

LV (1, 8,8) = LoV, (t, e,g)+2<a(t 8,) — SdA(t 7)€ (t — 1), g(t))

N

Y (18, e,a)|2—]§°d3,(t. nee—of)+

= 0

(1ot 0@e—|§ o e oz —of e +
0

o o
YIE @) P am (e 47,0 — W1 =) Pdm (8, 7) <— 1k — 3 (oo NIE
0 0

It follows that for fairly small y ,such k; > 0 can be found that LV, (¢, 8,8) < — ky
| € (¢) ]*. Moreover, the functional v, (¢, @) is an F,-functional since V, (¢, @) is an F,-
functional and the function m (¢, 7) is uniformly integrable,

Thus we have proved the following theorem.

Theorem 3, Let the coefficients of Eqs, (1) and (5) satisfy the conditions (2),(6)
and (7) (the last one at fairly small y), Let also the functions p (¢,7), ¢ (¢, 7) and (¢,
T) be all uniformly integrable and the solution of Eq, (5) satisfy the condition (3). Then
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the solution of Eq, (1) satisfies the condition (4).
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In conclusion, the author thanks v, B, Kolmanovskii for the interest shown,
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Unlike the investigations in [1, 2] of the motion of fluid with surface sources
and sinks of mass (injection and suction), the flow is considered here in the pre~
sence of uniformly distributed mobile volume sources andsinks in flat and round
channels, It is shown that far away from the inlet a self-similar solution of the
system of equations of motion can be obtained, The results are applicable, for
instance, to two-phase (vapor-liquid) streams with condensation or evaporation
for small volume concentrations of the discrete phase and absence of phaseslip,

1, The steady axisymmetric flow of fluid in pipes with volume sources or sinks of mass
which move at the medium velocity, is defined by the system of equations

ou ou 1 op v [ o ou, ) du,
x X el A P a X R - IR
Uy Bz T Ter = T dx + i [395 (r dx )T ar (' or )] (1. 1)

eI S W L P I NI el A WY (PG A YA
Uy Bz T %r Br =TT or +r°‘ w\" o )T\ T )_(r
0 0

7 ) + 5w = — 1" 4
where u,and u, are velocity vector components in the longitudinal and radial directions,
% is the capacity of volume sources or sinks (x > 0 related to sinks, x < 0 to sources),
a = 0 for a flat channel, and & = 1 for a round pipe.

Let us consider the case of x = const. We shall seek a self-similar solution for sys-

tem (1. 1) far from the tube inlet in a form that satisfies the equation of continuity



